MTH-201-201 Calculus with Analytic Geometry Il Spring 2013

Test #3 Solution
Date: 04/02/2013 Name:

NOTE: You must show all work to earn credit.

1. (10 points) Find the limit of the function if it exists:
. 4x’y
lim —_—
(xy)=(0,0) x* + y2
Solution:

We need to examine at least two paths through which (x, y) approaches (0, 0), and
see what the function approaches.

Now, let’s consider: y = x2, and y = 2x2. Notice that when x approaches 0, y also
approaches 0. (We cannot take path y = x2 + 1, since y will approaches 1 when x
approaches 0.)

(1) y = x%. Then
_ 4x’y _ 4x%(x?) _ 4x*
lim ) = lim AV = lim 3 1 2 =2
(x,y)=0,0 x* + y (x,y)~0,0) x* + (x?) (ey)-00,0) x* + x
(2) y = 2x%. Then
. 4xty 4x*(2x%) . 8x* 8
(x,y)lLI%o,o)yc4 +y2 (ac,y)l—r>r(lo,o)9c4 + (2x2)2 (x,y)liréo,o)x‘* +4x4 5

Therefore, the limit does not exist, as 2 + 8/5.

2. (10 points) Show that the function z = e* sin y satisfies Laplace’s equation:

0%z 0%z
W-I_a_yz:().
Proof:
dz . 0z .
aze siny, @ze cosy.
9%z 0%z
erxsiny, a—yzz—exsiny.

9%z L 9% _ xGiny — e*siny =
Therefore, — + 3,2 — € siny—e¥siny = 0.
Q.E.D. (quod erat demonstrandum)
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3. (10 points) Find the directional derivative of the function at P in the direction of .
fo,y)=x%, P(2,1), ©B=30—4]

Solution:
First, we need to normalize the vector in order to find the directional derivative:
v 3T — 4] 31— 4] _3?—4}_3 4

->
1 ——

Bl - 13-4l J3zf a2 5 5 5

Second, we need to find the gradient of the function:
Vf(x,y) = 2xyi + x%j,  soVf(2,1) = 41 + 4j.

->

U=

Therefore, the directional derivative can be calculated by
D=f(2,1) = Vf(2,1) - T = (4T + 4]) (3* 4*)—12 1_IE
uf ) - f ) u= l ] Sl 5] = 5 = = 5

4. (15 points) Find an equation of the tangent plane and parametric equations of the
normal line to the surface at the given point.

zZ = xz - 2xy + yZ; (1; 2; 1)
Solution:

We need to find the gradient of the function, which gives the normal vector of the
tangent plane and directional vector of the normal line. In order to do that, let us write
the function in the form: F(x,y,z) = x> — 2xy + y> —z = 0. Then VF (x,y, z) =
(2x — 2y)i + (=2x + 2y)] — k. So, VF(1,2,1) = =2t + 2] — k

If we take 71 = —27 + 2J — k as the normal vector of the tangent plane, then we get
an equation of the plane:

—2x-1)+2(y—-2)—-(z—-1)=0,0r2x—-2y+z+1=0.

If we take # = —27 + 2] — k as the directional vector of the normal line, then we get
a system of parametric equations of the line:

x=-2t+1,
y=2t+2,
z=—-t+1.
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5. (15 points) Examine the function for relative extrema and saddle point.
flx,y) =8x3 —6xy +y3
Solution:
First, we need to find the critical points of the function:
fo(x,y) = 24x% — 6y = 0, fy'(x,y)z —6x +3y% =0.

1

So,y = 4x%,x = Eyz' Then substitute y into the second equation to solve for x:

X = %(4x2)2 = 8x*, or x(8x3 — 1) = 0. Therefore we have two solutions:
x=0,0rx = % Theny = 0, or y = 1, respectively. We have found two critical
points: (0,0) and G 1).

Next, we use second partials test to examine those two critical points.
foGt,y) =48x,  fo,(6,y)=—6,  f,(x,y) = 6y.
(1) At (0,0), d = £, (0,0)£, (0,0) — [£1(0,0)]° = 0 — (=6)% = =36 < 0. So, it
is a saddle point.

@ At(3.1).d= £ (5.1) 5y (51) = [£ G 1)]2 =24 % 6 — (—6)% = 108.
So, d > 0 and f,, (% 1) = 24 > 0. Hence it is a minimum. f(% 1) = -2.

6. (10 points) A manufacturer has an order for 1000 units of chairs that can be produced
at two locations. Let x; and x, be the numbers of units produced at the two locations.
The cost function is

C = 0.25x;% + 10x; + 0.15x,2 + 12x;.
Find the number that should be produced at each location to meet the order and
minimize the cost.

Solution:
We need to minimize the cost function subject to the constraint x; + x, = 1000:

ac aC

axl axZ
Therefore, we get a set of equations:
0.5x; + 10 = 1,
0.3X2 + 12 = A,
X1 + Xy = 1000.

Solving for x; and x,: x; = 377.5,and x, = 622.5.

So, C(377.5,622.5) = 0.25(377.5)? + 10(377.5) + 0.15(622.5)? + 12(622.5) =
104,997.50 is the minimum cost.

NOTE: x; = 378 and x, = 622 are acceptable, so are x; = 377 and x, = 623.
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7. (10 points) Use Lagrange multipliers to minimize function f(x,y) = 3x +y + 10
subject to the constraint x?y = 12, where x > 0.

Solution:
According to the method of Lagrange multipliers:
Vf(x,y) = AV(x%y).
So, we have the following equations:
3T+ =2Qxyl + x%)), x*y=12, x>0.
In other words,
3 = 2Axy, 1 = Ax?, x’y =12, x> 0.
3x = 2y, x’y =12, x> 0.
3x3 = 24, sox =2,y =

Therefore, £(2,3) = 3(2) + 3 + 10 = 19 is the minimum.

NOTE: Let’s try a few (x, y) that satisfies the constraint and see if 19 is the minimum.
f(1,12) =3+12+10=25,f(3,4/3) =9+ 4/3 + 10 = 20.33.

8. (20 points) Determine whether each statement is true or false.

6x2y

1) The limit lim, ,),(0,0) ey does not exist. Answer:__ false
2 A vertical line can intersect the graph of z = f(x, y)

at most once. Answer:___true
3) If f and g are continuous functions of x and y,

then f — g is also a continuous function. Answer:___true
4) If f(x,y) always has continuous partial derivatives

fiy @nd £y, then £, (6, ¥) = fx (%, 7). Answer:___true
(5) If z=f(x)g(y), then Z—i + 2—; =f'(x)+ 9 ). Answer:__ false
(6) If f(x,y) =x+y,then —1.5 < Dzf(x,y) < 1.5. Answer:___true
@) If Dz f (x0, y0) = ¢ for any unit vector 1, then

c=0. Answer:___true
(8) If f has a relative maximum at (x, ¥,), then

fx (x0,¥0) = 0and £, (xo,y0) = 0. Answer:__ false
9 The method of Lagrange multipliers is used to find

critical points. Answer:___ true
(10)  The second partials test is used to find critical points. Answer:__ false



