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Lecture 31 

15.2. Line Integrals 

Goals: (1) Understand and use the concept of a piecewise smooth curve. 

 (2) Write and evaluate a line integral. 

 (3) Write and evaluate a line integral of a vector field. 

 (4) Write and evaluate a line integral in differential form. 

 

Question: 

 What is the definition of smooth vector-valued function? 

 

15.2.1. Piecewise smooth curves 

Recall: In chapter 12, we have vector-valued functions 𝑟  𝑡 = 𝑓 𝑡 𝑖 + 𝑔 𝑡 𝑗  

for plane, and 𝑟  𝑡 = 𝑓 𝑡 𝑖 + 𝑔 𝑡 𝑗 + 𝑕 𝑡 𝑘   for space. 𝑟  𝑡  is smooth if the 

derivatives of components are continuous and 𝑟 ′ 𝑡 ≠ 0  . 
(1) Definition: A curve 𝐶 is piecewise smooth if the interval [𝑎, 𝑏] can be 

partitioned into a finite number of subintervals, on each of which 𝐶 is 

smooth. 

(2) Example 1: finding a piecewise smooth parametrization (p. 1069) 

Try exercises 1-6 

15.2.2. Line integrals 

(1) Definition: 

If 𝑓 is defined in a region containing a smooth curve 𝐶 of finite length, 

then the line integral of 𝑓 along 𝐶 is given by 

 𝑓 𝑥, 𝑦 
𝐶

𝑑𝑠 = lim
 ∆ →0

 𝑓 𝑥𝑖 , 𝑦𝑖 ∆𝑠𝑖

𝑛

𝑖=1

  plane 

 𝑓 𝑥, 𝑦, 𝑧 
𝐶

𝑑𝑠 = lim
 ∆ →0

 𝑓 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ∆𝑠𝑖

𝑛

𝑖=1

   space 

provided the limit exists. 

 

(2) How to evaluate line integral? 

Let 𝑓 be continuous in a region containing a smooth curve 𝐶. If 𝐶 is given 

by 𝑟  𝑡 = 𝑥 𝑡 𝑖 + 𝑦 𝑡 𝑗  in plane, or 𝑟  𝑡 = 𝑥 𝑡 𝑖 + 𝑦 𝑡 𝑗 + 𝑧 𝑡 𝑘   in 

space, where 𝑎 ≤ 𝑡 ≤ 𝑏, then 𝑑𝑠 =  𝑟 ′ 𝑡  𝑑𝑡. Hence the formulas for line 

integrals are: 
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 𝑓 𝑥, 𝑦 
𝐶

𝑑𝑠 =  𝑓 𝑥 𝑡 , 𝑦 𝑡  
𝑏

𝑎

  𝑥′ 𝑡  2 +  𝑦′ 𝑡  2𝑑𝑡 

 𝑓 𝑥, 𝑦, 𝑧 
𝐶

𝑑𝑠 =  𝑓 𝑥 𝑡 , 𝑦 𝑡 , 𝑧 𝑡  
𝑏

𝑎

  𝑥′ 𝑡  2 +  𝑦′ 𝑡  2 +  𝑧′ 𝑡  2𝑑𝑡 

Note: If 𝑓 = 1, then we get the arc length of the curve 𝐶. 

If 𝐶 is a piecewise smooth path composed of smooth curves 𝐶1, 𝐶2, … , 𝐶𝑛 ,  

then 

 𝑓
𝐶

𝑑𝑠 =  𝑓
𝐶1

𝑑𝑠 +  𝑓
𝐶2

𝑑𝑠 + ⋯ +  𝑓
𝐶𝑛

𝑑𝑠 

(3) Example 2: evaluating a line integral over a line segment (p. 1071) 

Try exercises 7-10 

(4) Examples 3, 4: evaluating a line integral over a path (pp. 1072-1073) 

Try exercises 11-20 

(5) Example 5: evaluating the mass of spring (p. 1073) 

Try exercises 21-26 

15.2.3. Line integrals of a vector field 

Recall: work = force × distance. On p. 789, 

∆𝑊𝑖 =  𝐹  𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ∙ 𝑇   𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖  ∆𝑠𝑖 

Therefore, 

𝑊 =  𝐹  𝑥, 𝑦, 𝑧 ∙ 𝑇   𝑥, 𝑦, 𝑧 
𝐶

𝑑𝑠 

(1) Definition: 

Let 𝐹  be a continuous vector field (also called force field) defined on a 

smooth curve 𝐶 given by 𝑟  𝑡 , 𝑎 ≤ 𝑡 ≤ 𝑏. The line integral of vector field 

𝐹  on 𝐶 is given by 

 𝐹 ∙
𝐶

𝑑𝑟 =  𝐹 ∙
𝐶

𝑇  𝑑𝑠 =  𝐹  𝑥 𝑡 , 𝑦 𝑡 , 𝑧 𝑡  ∙
𝑏

𝑎

𝑟 ′ 𝑡  𝑑𝑡 

(2) Example 6: finding work done by a force (p. 1075) 

Try exercises 27-32 

(3) Example 7: finding work done through an oriented path (p. 1076) 

Try exercises 35-40 

15.2.4. Line integrals in differential form 

(1) Definition: 

The differential form of a line integral of a vector field (in plane) 

𝐹  𝑥, 𝑦 = 𝑀𝑖 + 𝑁𝑗  along a curve 𝐶 given by 𝑟  𝑡 , 𝑎 ≤ 𝑡 ≤ 𝑏 is: 

 𝐹 ∙
𝐶

𝑑𝑟 =  𝑀𝑑𝑥 + 𝑁𝑑𝑦
𝐶

 

The differential form of a line integral of a vector field (in space) 

𝐹  𝑥, 𝑦, 𝑧 = 𝑀𝑖 + 𝑁𝑗 + 𝑃𝑘   along a curve 𝐶 given by 𝑟  𝑡 , 𝑎 ≤ 𝑡 ≤ 𝑏 is: 
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 𝐹 ∙
𝐶

𝑑𝑟 =  𝑀𝑑𝑥 + 𝑁𝑑𝑦
𝐶

+ 𝑃𝑑𝑧 

(2) Examples 8, 9: finding a line integral in differential form (pp. 1077-1078) 

Try exercises 45-50, 51-62 

15.2.5. Homework Set #31 

 Read 15.2 (pages 1069-1078). 

 Do exercises on pages 1079-1082: 

3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 35, 37, 43, 45, 47, 49, 

51, 53, 55, 57, 59, 61, 65, 69, 83-86 

 


