2013 Spring

Calculus with Analytic Geometry 111 by Larson & Edwards

Lecture 9

12.2. Differentiation and Integration of Vector-Valued
Functions

Goals: (1) Differentiate a vector-valued function.

(2) Integrate a vector-valued function.

12.2.1. Review
(1) Basic differentiation rules:
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Constant multiplication rule: % (cf) = c% (f), where c is a constant
Sum/Difference rule: % (f+g9) = % )+ % 9)
Product rule: %(f g) = %(f)g + fj—x(g)
Rt
=f—
Chain rule: - (f o g) = (di (f)) (j—x(u))
%(x") =nx""1, esp., %(1) =0
1

d 1 d _1
E(IOgb x) = 7 where b > 0, esp., — (Inx) =

X

Quotient rule: % (g)

d d
— (a*) = a*Ina, where a > 0, esp., ——(e*) = e”
i(sin X) = COSX

i

g(cosx) = —sinx

4 — o2

dé‘ (tanx) = sec* x

4 )

dj‘ (cotx) csce x

E(sec X) =secxtanx

% (cscx) = —cscxcotx
d . 1
o~ (arcsinx) = —
d _ 1
o~ (arccosx) = — —

d
o~ (arctanx) =

b 1+x2
1
— (arccotx) = —
dx ( ) 1+x2
d (arcsecx) = L
dx [x|[Vx2-1
d (arccscx) = L
dx T xWxZ—1
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(2) Basic integration rules:

e [cf(t)dt = c [ f(t)dt, where c is a constant
o JIF(® = g(nldt = Jf®dt £ [ g(t)dt

o [x"dx=—x"""+C wheren # —1,esp., [0dx =C

e [xldx=In|x|+C
. faxdx=£—a+6,esp.,fexdx=ex+C
e [cosxdx=sinx+C
e [sinxdx=—cosx+C
e [sec’xdx=tanx+C
e [csc?xdx=—cotx+C
e [secxtanxdx =secx+C
e Jcscxcotxdx =—cscx+C
1 X x
. fﬁdx—arcs1n;+C——arccos;+C

1 1 X 1 X
e [——dx =—-arctan-+ C = —-arccot=+ C
a“+x a a a a

Definition of the derivative of a vector-value function

N 7t + A) —7(t)
T = fim At

e Notations: 7'(t), D,[F(t)], < [#(6)], or simply, =~
Differentiation of vector-valued functions

(1) Differentiation of vector-value based functions can be done on a
component-by-component basis. That is, let 7(t) = f(t)i + g(t)] + h(Dk.
Then

7 () =f OT+g @O +h' Ok

e Example 1: Differentiation
Try exercises 11-22

e Example 2: Higher-order differentiation
Try exercises 23-30

(2) 7(t) = F(O)T+ g(©)] + h(t)k is said to be smooth, if £, g, and k" are
continuous and not all of them are 0, that is, 7 (t) # 0.

e Example 3: Smooth intervals
Try exercises 33-42

Properties of the derivative

D, [c7(t)] = ¢D,[7(t)], where c is a constant

D.[7(t) £ u(t)] = D [#(t)] £ D.[1i(t)]

D [f 7] = f' (7)) + fFOD[F ()]

D [7(t) - u(t)] = D [#(t)] - u(t) + 7(t) - D [1i(t)]

D [7(t) x u(t)] = D [F ()] x u(t) + 7(t) x D, [ui(t)]
D[P(f®)] =7 (F®) - f @©
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o If7(t) - #(t) = c, then #(t) - # (t) = 0, where c is a constant
e Example 4: Derivative properties
Try exercises 43, 44
12.2.5. Integration of vector-valued functions

Integration of vector-value based functions can also be done on a component-
by-component basis. That is, let 7(t) = f(¢t)7 + g(t)j + h(t)k. Then

f?(t)dt = Uf(t)dt]?+ Ug(t)dt]f+ U h(t)dt]ﬁ

fb?(t)dt = Ubf(t)dtl T+ Ubg(t)dtlj+ Ubh(t)dtl k

e Examples 5, 6, 7: Integration
Try exercises 49-66

12.2.6. Homework Set #9

e Read 12.2 (pages 842-847).

e Do exercises on pages 848-849:
3,5,9,11, 13, 15, 17, 23, 25, 27, 29, 35, 39, 41, 43, 51, 55, 59, 61, 63, 67,
71, 89-92
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