2013 Spring Calculus with Analytic Geometry 111 by Larson & Edwards

Review for Final Exam
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Problems from Chapter 11 will not be on the final exam. However, in order to
understand Chapters 12, 13, 14, and 15, you should be familiar with the concepts in
Chapter 11.

(12.1) Limits of vector-valued functions.

(@) lim,_,, 7(t) = [lim,_, f(®)] + [lim,_, g(t)]j , provided that the component
limits exist.

(b) lim,_, 7(¢) = [lim,—, F(O1E + [lim,_, g(OI + [lim,, h(®)]k , provided that
the component limits exist.

(12.1) Continuity of vector-valued functions.

A vector-valued function 7 is continuous at the point given by t = a if the limit
lim,_, 7(t) = 7#(a).

(12.2) Differentiate a vector-valued function.

Differentiation of vector-value based functions can be done on a component-by-

component basis. That is, let 7(t) = £(£)I + g(£)] + h(t)k. Then
() =f Oi+g @®F+h Dk
(12.2) Integrate a vector-valued function.
Integration of vector-value based functions can also be done on a component-by-

component basis. That is, let #(t) = £(£)i + g(©)] + h(t)k. Then

f?(t)dt = U f(t)dt]?+ Ug(t)dt]7+ U h(t)dt]E

JbF(t)dt = Ubf(t)dtl T+ Ubg(t)dtlj 1 Ubh(t)dtl k

(12.3) Describe the velocity and acceleration associated with a vector-valued
function.

Let 7#(t) = x(t)7T + y(t)j be a vector-valued function where x(t) and y(t) are
twice-differentiable functions of t. Then

Velocity = v(t) = 7'(t) = x'"(O)T+ y'(t)]

Speed = [|[B®)| = 17 (Ol = [x' (O] + [Y' (]2

Acceleration = d(t) = 7"(t) = x" ()T + y"(t)]

(12.3) Use a vector-valued function to analyze projectile motion.

The position function for a projectile is:

1
7(t) = (v cos O)ti + [h + (vy sin )t — Egt2 j

where h is the initial height, v, is the initial speed, 6 is the initial angle of elevation,
and g = 32 feet per second per second (or 9.81 meters per second per second) is
the gravitational constant.

(12.4) Find a unit tangent vector at a point on space curve.

Let C be a smooth curve represented by # on an open interval. The unit tangent
vector at ¢t is defined to be
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(9)

(10)

(11)

(12)

(13)

T(t) = RMON P(t) =0
NG

(12.4) Find a unit normal vector at a point on space curve.
Let C be a smooth curve represented by # on an open interval. The principal unit
normal vector at t is defined to be

T'(t)

N(t) = — )
O Fol

(12.4) Find the tangential and normal components of acceleration.
If N(t) exists (which implies that T(t) also exists), then
a(t) = azT(t) + ayN(t)

T'(t) £ 0

where

-1’ = =
ap =Yl =a-T=—

ag = WIT']| = &N = == = Jllal® = a2

(12.5) Find the arc length of a space curve.
If C is a smooth curve (in space) given by 7(t) = x(t)T + y(t)] + z()k, on an
interval [a, b], then the arc length of C on the interval is:

b b
s = j 17Ol dt = j VIX@®OPR + [y (01 + [2(0)]? dt

(12.5) Use the arc length parameter to describe a plane curve or space curve.
Let C be a smooth curve given by 7(t) on a closed interval [a, b]. For a < t < b,
the arc length function is given by:

5©) = [ 17 )llaw = [ VEGAT + BT + O dw

If we choose s as the parameter, that is, 7(s) = x(s)T + y(s)] + z(s)k, then
I7'(s)|| = 1. On the other hand, if [|7'(t)]|] = Z—i = 1, then t must be the arc length
parameter. Therefore, the parameter t is the arc length parameter if and only if
17Ol = 1.

(12.5) Find the curvature of a curve at a point on the curve.

(a) Let C be a smooth curve given by 7(s) where s is the arc length parameter. The

curvature K at s is given by

dT

= el

(b) In general, if the parameter is t (not necessary to be s), then the curvature at t is
given by

K =

_7ol _ 1o x# ol
FOI - IFOIF

(c) In particular, if C is given by a regular (rectangular coordinates) function
y = f(x), then the curvature at P(x, y) is given by

ly"|
[1+ ()22

K
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(14) (12.5) Relationship among acceleration, speed, and curvature.
d’s 7 ds\?
a0 =gzl +K (E) N
(15) (13.1) Sketch the graph of a function of two variables.
Use traces in planes parallel to the coordinate planes.

(16) (13.1) Sketch level curves for a function of two variables.

Another way to visualize a function z = f(x, y) is to use a scalar field that is
characterized by level curves f(x,y) = ¢ (contour lines, or equipotential lines).

(17) (13.1) Sketch level surfaces for a function of three variables.

The concept of a level curve can be extended by one dimension to define a level
surface. Given a function z = f(x, y, z), the graph of the equation f(x,y,z) = c is
called a level surface.

(18) (13.2) Understand and use the definition of the limit of a function of two variables.
How to determine whether the limit exists? All paths/directions of (x, y)
approaching (x,, yo) should lead to the same limit.

(19) (13.2) Extend the concept of continuity to a function of two variables.

(@) A function z = f(x, y) is said to be continuous at (x,, y,) in an open region R if

lim  f(x,¥) = f(x0,¥0)

Cey)=Cxo.y0) o
(b) Removable and nonremovable discontinuity:

If limy )5 (xg,y0) £ (6 y) EXists, but # f(xo,¥0), or f(x0,y0) is not defined, then it
is removable in both cases.
If lim(y ) (x.90) f (X, ¥) does not exist, then it is not removable.

(20) (13.3) Find and use partial derivatives of a function of two variables.
The first partial derivatives of z = f(x, y) with respect to x and y are the functions
fx and £, defined by the following limits:

L e+ Axy) - f(xy)
ﬂ@ﬁ—ga( TR
o fey+Ay) - flxy
K= g, &y
provided that the limits exist.

(21) (13.3) Find and use partial derivatives of a function of three or more variables.
Let w = f(x,y, z) be a function in three variables. Then there will be three partial

derivatives:
ow o fx+Ax,y,2)— f(x,y,2)
ox ~ ftey.2) = lim, Ax
a_W_ ( )_ li f(x,y+Ay,z)—f(x,y,z)
ay_]g’ X2 = % Ay
ow fG,y,z+Az) — f(x,y,2)

E_fZ(x y,z) = llm e
(22) (13.3) Find higher-order partial derlvatlves of a function of two or three variables.
2nd-order partial derivatives:

ax (Zi) g = fx
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2
5 (5) e o
9% f

dx (gi) 9xdy = I

S5 =5
oy \0y = Jyy
(23) (13.4) Use the differential as an approximatlon
dz =dx + g—;dy and Az = f(x + Ax,y + Ay) — f(x,y).
Az = dz is called a linear approximation.
(24) (13.5) Chain rules with one variable for functions of several variables.
Letw = f(x,y), x = g(t), and y = h(t) be differentiable functions. Then
w = f(g(t), h(t)) is a differentiable function in one variable ¢, and
dw ow dx aw dy
dt ~ ox dt 6y dt’

Note: This formula can be extended to 3 or more variables.
dw dwdx 0w dy owdz

dt ~ ox dt VI dy dt at oz 9z dt
(25) (13.5) Chain rules with two independent variables.

Letw = f(x,y), x = g(s,t),and y = h(s, t) be differentiable functions and all of
the partial derivatives exist. Then w = f(g(s, t), h(s, t)) is a differentiable
function in two variables s, t, and

aw dwadx Jwady o 2 6w dwadx Jwady

GG aRfe avasl " aE e By
Note: This formula can be extended to 3 or more variables.

dw Jdwadx Jw 6y dw 0z dw Jdwadx Jw ay ow 0z

B i s e G i e Gl
(26) (13.5) Find partial derivatives implicitly.

(@) If F(x,y) = 0 is an implicit function, then the derivative % can be found
implicitly:
dy  Exy)
dx — F(xy)’
(b) If F(x,y,z) = 0 is an implicit function, then the two partial derivatives can be
found implicitly:
0z E.(x,y, z) az Fy (x,y,2)
x EGyo E,(x,y,2)
(27) (13.6) Find and use directional derlvatives of a function of two variables.

Let f be a function of two variables x,y and let ¥ = cos 87 + sin 6 j be a unit
vector. Then

where F, (x,y) # 0

,where E,(x,y,z) # 0

Dzf(x,y) = f,(x,y) cos 6 + f,(x,y) sin @
(28) (13.6) Find the gradient of a function of two variables.
Let z = f(x,y) be a function whose partial derivatives exist. Then the gradient of f,
denoted by Vf(x,y), or grad f (x, y), is the vector-valued function:

Vi,y) = Gy T+ f,(6y) T
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(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(13.6) Find directional derivatives and gradients of functions of three variables.
Let f be a function of three variables x, y, z and let & = ai + bj + ck be a unit
vector. Then

Dﬁf(x'yJZ) = af;c(nyJZ) + bfy(x,y,z) + cfz(x,y,z)
The gradient is:

Vi y,z) = f(y,2) T+ f,(x,y,2) ]+ f,(x,y,2) k
(13.7) Find equations of tangent planes and normal lines to surfaces.
Use VF (xg, o, 2) as the directional vector!
(13.7) Find the angle of inclination of a plane in space.
Let 71 be a normal vector of a plane, and k = (0, 0, 1). Then the angle of inclination
of a plane is given by:
- k|

7] .

where 71 can be VF(x,y,z) = F,(x,y,2) T+ F,(x,y,2) j + F,(x,y,2) k. In
particular, if z = f(x,y), then F(x,y,z) = f(x,y) —z = 0,and VF(x,y,z) =
L i+ f,y)j— k.
(13.8) Find relative extrema of a function of two variables.
(x0,y0) is called a critical point if Vf(xg,yo) = 0 (that is, both £, (xq, yo) = 0 and
fy (x0,¥0) = 0) or at least one of them does not exist. If f has a relative extremum
at (xg, yo) on an open region R, then (x, yo) must be a critical point of f.
(13.8) Use the Second Partials Test to find relative extrema of a function of two
variables.
Let f have continuous second partial derivatives on an open region containing a
point (a, b) such that Vf (a, b) = 0 (critical point). Let

f;Cx(a'b) f;c (a, b) 5
A=\ by oo = @Dy (@) = [fo (@ b)]

(@) If d > 0 and £, (a,b) > 0, then f has relative minimum at (a, b)

(b) If d > 0 and f,, (a, b) < 0, then f has relative maximum at (a, b)

(c) If d <0, then (a, b, f(a, b)) is a saddle point.

(d) If d = 0, then the test fails (it is inconclusive).

(13.9) Solve optimization problems involving functions of several variables.

Find relative extrema by taking partial derivatives.

(13.10) Understand the Method of Lagrange Multipliers.

Lagrange’s Theorem: Let f and g have continuous first partial derivatives such that
f has an extremum at a point (x,, y,) on the smooth constraint curve g(x,y) = c.

If Vg (o, yo) # 0, then there is a real number 1 such that

Vf(XO, yO) = )lVg(xO, YO)
(13.10) Use Lagrange multipliers to solve constrained optimization problems.
Method of Lagrange Multipliers (one constraint):
Let f and g have continuous first partial derivatives such that f has an extremum at
a point (x, yo) on the smooth constraint curve g(x,y) = c. The following steps
help us find the min or max value of f.
Step 1: Solve the following system of equations:

cos O =
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(37)

(38)

(39)

(40)

fe(x,y) = A9, (x,y)
(e y) =2g,(x,y)
glx,y)=c
Step 2: Evaluate at each solution. The largest is max, and the smallest is the min.
Note: step one above can be extended to three variables case:
f(x,y,2) = A9, (x,y,2)
fy(x»y,z) = /Lgy(x:}’:z)
f:(x,y,2) = Ag,(x,y,2)
gx,y,z)=c
(13.10) Use the Method of Lagrange Multipliers with two constraints.
Method of Lagrange Multipliers (two constraints):
With the same setting as in one variable case, except for two constraints, g and h,
then Vf = AVg + uVh will lead to potential extrema.
Step 1: Solve the following system of equations:
fe(,y,2) = Agy (x,y,2) + phy(x,y,2)
f(xy,2) = gy (x,y,2) + phy(x,y,2)
f-Z(x’y’Z) = A‘gl(x'yfz) + nLth(x’y'Z)
g(x, Y, Z) =0
h(x' Y, Z) =0
Step 2: Evaluate at each solution. The largest is max, and the smallest is the min.
(14.1) Use an iterated integral to find the area of a plane region.
(@) Vertically simple region:

b b rg2(x)
A= [1gw-a@ia=[ [ dydx
a a Jg1(x)
(b) Horizontally simple region:
d d rh2(y)
A= [ o) -moNay= [ [ axay
c c ‘i)

(14.2) Use a double integral to represent the volume of a solid region.

If f(x,y) = 0 is integrable on a closed, bounded region R in the xy-plane, then the
volume of the solid region that lies above R and below the graph of f is defined as
the double integral:

v = || ey

R
(14.2) Evaluate a double integral as an iterated integral.
(@) Vertically simple region: if R isdefinedbya < x < band g;(x) <y < g,(x),
where g4, g, are continous on [a, b], then

[ reovaa= | b | " y)dy dx
| .

g1(x)
(b) Horizontally simple region: if R isdefinedby c <y < dand hy(y) < x <
h,(y), where h4, h, are continous on [c, d], then
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1)
(41) (14.3) Write and evaluate double integrals in polar coordinates.
Let R be a plane region consisting of all points (x,y) = (r cos 8, r sin 8) satisfying
the conditions 0 < g;(0) < r < g,(0),a < 6 < B (that is, r-simple), where
0 < (B—a)<2m. If g; and g, are continuous on [a, 8] and f is continuous on R,
then

ﬂ f(x,y)dA = fd fth(y)f(x,y)dx dy
; c

B 9200)
f f(x,y)dA =f f f(rcos@,rsin@)rdrdb
a “Yg1(0)

R
(42) (14.4) Find the mass of a planar lamina using a double integral.
If p is a continuous density function on the lamina corresponding to a plane region
R, then the mass m of the lamina is given by

m = ﬂp(x.y)dA

R
(43) (14.4) Find the center of mass of a planar lamina using double integrals.
Let p be a continuous density function on the planar lamina region R. The moments
of mass m with respect to the x- and y-axes are

M, = ff yp(x,y)dA and M, = ff xp(x,y)dA
R R

And the center of mass is
M, M
. . : m m
(44) (14.4) Find moments of inertia using double integrals.
Second moments are also called the moment of inertia of a lamina about a line:

L, = ﬂ y*p(x,y)dA and I, = ﬂ x*p(x,y)dA
R R

(45) (14.5) Use double integral to find the area of a surface.
If f and its partial derivatives are continuous on the closed region R in the xy-
plane, then the area of the surface S given by z = f(x, y) over R is given by

ff ds = ff\/l + [fe (, v)]% + [fy'(x,y)]sz
R

R
(46) (14.6) Use a triple integral to find the volume of a solid region.

Fubini’s Theorem on triple integrals
Let f be continuous on a solid region Q defined by

as<x<b  h@)<y<s<h®x), gixy) <z=<g,(xy)
where hq, h,, g1,and g, are continuous functions. Then,

b rhy(x) rg2(x,y)
ff f(x,y,2)dV = f f f(x,y,z)dz dy dx.
0 a “h

1) Jg1(xy)
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(47) (14.6) Find the center of mass and moments of inertia of a solid region.
(@) If p is a continuous density function on a solid region Q, the center of mass is

given by
szyZ’ )_]=sz' Z_=Mxy
m m m
where

= [[[ ey
N -
M,y = j} [ vot.y.2av

(b) Second moments are also called the moments of inertia of a solid region about
x-axis, y-axis, and z-axis, respectively:

I = g (2 + 2p(x,y, )V
L, =g (2% + x)p(x,y,z)dV

I, = W(x2 +y9)p(x,y,z)dv
2

(48) (14.7) Write and evaluate a triple integral in cylindrical coordinates.
Note: dV = rdz dr d6 for cylindrical coordinates. See Figure 14.62 (p. 1035)
(@) If Q isar-simple, then

0y 92(0) rhy(rcos 6,rsin 6)

U f(x,y,z)dV=f f f f(rcos@,rsin®,z) rdzdr d
0 h

Q

1 Y910) Jhq(rcos 8,rsin 6)
(b) If Q is a 6-simple, then

2 rg2(@) hy(rcos 0,rsin 9)
ffff(x»}’;z)dV=f f f f(rcos@,rsinf,z) rdz do dr
h
Q

1 Yg1() Yhq(rcos 6,rsin §)

(49) (14.7) Write and evaluate a triple integral in spherical coordinates.
If Q is a spherical block determined by

{(p,0,0):p1 <Sp<p;,0, <0=<0;¢1 <=} Then
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(50)

(51)

(52)

(53)

jff@mxmv

02
f f f(psinqbcosH,psinqbsine,pcosqb)p2sinqbdpdd)d@
01

(15.1) Determlne whether a vector field is conservative.
Test for conservative vector field in the plane:
Let M and N have continuous first partial derivatives on an open disk R. The vector
field given by F(x,y) = Mi + Nj is conservative if and only if
ON oM
ox dy
(15.1) Find the curl of a vector field.
(a) The curl of vector field F(x,y, z) = Mi + Nj + Pk is
mﬁ(x,y,z) = VX F(x,y,72) =
(aP azv) (aM 6P> <6N aM) P
dy 0z Jz Ox S dx Jdy
If curl ﬁ(x, V,Z) = 0, then F(x, v, z) is said to be irrotational.
(b) Test for conservative vector field in space:
Let M, N and P have continuous first partial derivatives on an open sphere Q in
space. The vector field given by F(x, y,z) = Mi+ Nj+ Pk is conservative if and
only if curl F(x,y,z) = 0. That is,
dP 0N oM OP ON oM
oy 0z’ 0z ox'  ox oy
(15.1) Find the divergence of a vector field.
The divergence of a vector field (in plane) F (x,y) = MT + Nj is:
divE(y) =V Flry) = aM ON
ivF(x,y) = X,y ay
The divergence of a vector field (in space) F(x, Yy, z) = Mi+ Nj + Pk is:
div F( ) = v F( )= oM aN+aP
ivF(x,y,z) = xX,V,Z) = T o
If div F = 0, that is, the sum of partial derivatives equals 0, then F is said to be
divergence free.
(15.2) Write and evaluate a line integral.
Let f be continuous in a region containing a smooth curve C. If C is given by 7(t),
where a < t < b, then ds = ||7'(t)]|dt.

b
jf@w%=Jﬂﬂ&ﬂMJW@P+W®ﬂ#
C a

b
fc f(x,y,z)ds = f f(x(@®),y®),2(0)) VI¥' (O + [y (D]? + [2'(D)]2dt

If C is a piecewise smooth path composed of smooth curves Cy, Cy, ..., C,,
then
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(54)

(55)

(56)

(57)

(58)

(59)

ffdsz fds+ fds+--~+f fds
C C1 Cy Cn

(15.2) Write and evaluate a line integral of a vector field.

Let F be a continuous vector field (also called force field) defined on a smooth
curve C given by 7(t),a < t < b. The line integral of vector field FonCis given
by

- > = b—)
f F-d?zf F-Tds=f F(x(), y(0), 2(0)) - 7/(6) dt
C C a

(15.2) Write and evaluate a line integral in differential form.

The differential form of a line integral of a vector field (in plane) F(x, y) = Mi+
Nj along acurve C givenby 7#(t),a <t < b is:

j ﬁ-d?=f Mdx + Ndy
c c

The differential form of a line integral of a vector field (in space) F(x,y,z) = Mi +
N7 + Pk along a curve C given by #(¢),a < t < b is:

f ﬁ-df’:f Mdx + Ndy + Pdz
Cc C

(15.3) Understand and use the Fundamental Theorem of Line Integrals.
Let C be a piecewise smooth curve lying in an open region R and given by
7(t) = x(O)T + y(b)j, a<t<h.
If ﬁ(x, y) = M7+ Nj is conservative in R, and M and N are continuous in R, then

[ Feai= [ vr-di = 1), y®) - 1@, y@)
C C

where f is a potential function of F. That is, F(x,y) = Vf(x, y).
(15.3) Understand the concept of independence of path.

Let F(x, y,z) = Mi+ Nj + Pk have continuous first partial derivatives in an open
connected region R, and let C be a piecewise smooth curve in R. The following
conditions are equivalent:

(a) F is conservative.

(b) J, F(x,y,z) - d# is independent of path.

(©) fC F(x, y,z) - di = 0 for every closed curve C in R.

(15.4) Use Green’s Theorem to evaluate a line integral.

Let R be a simply connected region with a piecewise smooth boundary C, oriented

counterclockwise (that is, C traversed once so that the region R always lies to the
left). If M and N have continuous partial derivatives in an open region containing R,

then
[ wax+ vy = [ (2 -2
x = _——— :
c v ) ox dy

(15.4) Use alternative forms of Green’s Theorem.
First alternative form:
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(60)

(61)

(62)

(63)

Lﬁ-d?sz(g—Z—a—M dA ff(curlF) k dA

Second alternative form:
f F-Nds = f div FdA
C

R
(15.5) Find a normal vector and a tangent plane to a parametric surface.
Let S be a smooth parametric surface
F(u,v) = x(w, V)i + y(w, v)] + z(w, v)k
defined over an open region D in the uv-plane. Let (uq, vy) be a pointin D. A
normal vector at the point
(X0, Y0, 20) = (X(uolvo),}’(uo,vo),z(uo,Uo))
IS given by
T 7k
_ , , dx 0dy 0z
N =7, (ug, vo) X 7, (U0, v0) = |31, 3u ou
dx Jdy 0z
) ) ov dv 0v
(15.5) Find the area of a parametric surface.
Let S be a smooth parametric surface
7(u,v) = x(u, V)T + y(u, v)j + z(u, vk
defined over an open region D in the uv-plane. If each point on the surface S
corresponds to exactly one point in the domain D, then the surface area of S is given

by
Surfacearea=ﬂ dS=Jf||IV||dA=J 17 x 7 ||dA
S D D
where
o Ox +ay+ GZE 47 6x++6y++627€
R=gul T ag) T oyt andh =TTt ok

(15.6) Evaluate a surface integral as a double integral.

Let S be a surface with equation z = g(x,y) and let R be its projection onto the xy-
plane. If g, g, g'y are continuous on R and f is continuous on S, then the surface
integral of f over S is

[ ey 2ras = [[ ey 9 1+ 162 e + gy e as

S R
(15.6) Evaluate a surface integral for a parametric surface.
Let S be a smooth parametric surface given by vector-valued function
7(u,v) = x(u, V)T + y(u, v)j + z(u, vk
defined over an open region D in the uv-plane. The surface integral of f over S is
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(64)

(65)

(66)

(67)

.U f(x,y,2)dS = ﬂ. f(x(u,v),y(u,v),z(u, v))ll?u’(u,v) Xﬁ;(u, v)||dA

(15.6)5Understand the co[;\cept of a flux integral.

Definition:

Let F(x,y,z) = Mi + N + Pk be a vector field, where M, N, P have continuous
first partial derivatives on the oriented surface S with the unit normal vector N;.
The flux integral of F across S is given by

S

Geometrically, a flux integral is the surface integral over S of the normal

component of F.
(@) If S is a surface with equation z = g(x, y) and R is its projection onto the xy-
plane, then

ffﬁﬂ ds=ffﬁ-[—g;(x.y)f—g’y(x.y)ﬂ%]d/l

51 R
(b) If S is an oriented surface given by vector-valued function 7(u, v) = x(u, v)i +
y(u, v)j + z(u, U)E defined over a region D in the uv-plane, then

ffF NldS ffF (r(uv)Xr(uv))dA

(15.7) Understand and use the Dlvergence Theorem.
Let Q be a solid region bounded by a closed surface S oriented by a unit normal

vector directed outward from Q. If F is a vector field whose component functions
have continuous partial derivatives in Q, then

ﬂﬁ-ﬁl dSzﬂ div F dV
S Q

(15.8) Understand and use Stokes’ Theorem.
Let S be an oriented surface with unit normal vector N;, bounded by a piecewise

smooth simple closed curve C. If F is a vector field whose component functions
have continuous partial derivatives on an open region containing S and C, then

fﬁ-d?zﬂ(mﬁ)-ﬁlds
C S

(15.8) Use curl to analyze the motion of rotating liquid.

The formula [, F - d7 = [, (curl F) - N; dS says that the collective measure of

this rotational tendency taken over the entire surface S (surface integral) is equal to
the tendency of a fluid to circulate around the boundary C (line integral).
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