Mth133 — Calculus — Practice Exam Solutions

1.
a. 3
b. 5
c. 3
d. does not exist
e. No, because Iirgl f(x)# Iir?r} f(x).
f. Itis not continuous, because f(0) does not exist.
2.
2_ f— f—
a limX X0 i (3D oy 3h0 s
x>3 X—3 x—3 X—3 x—3
o mXH=2 L r1-2) (xrie2) L xe1-4
3 x-3 o3 (x-3) (M+2) H3(x—3)(\/m+2)
=lim =lim L 1
o3 (x — 3)(«/x+ +2) X—>3«/x+ 12 J3+l+2 4
C. Iirr31«/x+1=«/3+1:
d. This is an infinite limit, and 5-x>0 as x - 57, so Iimsi=oo.
Xx=5" 9 — X
e. Since x— 3", x>3,50 3—x <0 and then [[3—x]] > 1. Therefore,
im 31y
x->3" 4—X 4-3
3.
lim21 "5 X 3.9 399 | 3999 | 4001 | 401 41
ot x—4 f(x) | 0.04082 | 0.04008 | 0.04001 | 0.03999 | 0.03992 | 0.03922

x _ 4 1
So our estimate is lim*1—> =0.04 or —
x4 X —4 25"



4.

Iing(4x—3): 5
Tofind &, we first start with | f (x)— L| <0.01.

| f(x)- L] <0.01
< |(4x-3)-5<0.01
< [4x-8<0.01
< 4x-2/<0.01
< |x-2<0.0025

So 6 =0.0025. To show this & makes the statement true, we just work backward.
If |x—2/ <0.0025, then |f(x)—L| =|(4x —3)—5/=|4x — 8 = 4)x— 2| < 4-0.0025 = 0.01.

lim f(x+ax) - f(x) _ 3
Ax—0 AX

Let f(x)=x®+x—-1. Since f is a polynomial, it is continuous and satisfies the Intermediate
Value Theorem. Also, f(0)=-1<0 and f(1)=1> 0, so by the IVT, there must be a value

cin the interval (0,1) where f(c)=0,ie. x*>+x-1=0.
f (x)=[[x]] is not continuous over the interval (0,1), so it does not satisfy the IVT.
f has vertical asymptotes when the denominator is zero, but the numerator is not.

x* +7x+10=0 = (x+2)x+5)=0 = x:—2,—5,butf(—2):%,soonlythe

line x = -5 is a vertical asymptote.

1 1

m f(X+AX)_ f(X): lim X+AX_;
AX—0 AX Ax—0 AX

1 1
: [X+AX_XJ X(X+Ax) . x—(x+Ax)
Mo AX X(X+AX) 40 AX- X(X + AX)

-1 -1 1

. — AX .
300 AX. X(x + Ax) il X(x+Ax)  x(x+0)  x?




10.

y=1(x)

11. The arrow reaches its maximum height when its velocity is zero, so:

_dH

—=58-166t=0 = t :ﬁ ~ 34.93 sec.
dt 1.66

12. There are many different correct answers to this problem, but there are only two primary key

13.

characteristics — either the function has a cusp (corner) or a vertical tangent line.

ﬂ:ﬂ_.xzz—l
dx

(Use the chain rule.) g'(x)=5(x* —3)"(2x)

(Use the chain rule twice.) y= sin(cos2 x): sin[(cos x)ZJ, S0

% = cos[(cos X )’ kZ cos x ) sin x) = —2cos xsin x cos(cos’ x)

gy =15x* + 6x% —12x
dx

(Use the product rule.) f (x) = sec X tan X csc X + sec x(— csc xcot x) =sec’® x —csc? X

2 f— —
(Use the quotient rule.) dy _ x®secxtanx : secx(2x) _ secx(x tasn X—2)
dx (XZ) X




14. We first need the slope of the tangent line, so we find the derivative at the point (7z, 0).
y'=2cos2x (chain rule), so m=y'(z)=2cos(2z)=2-1=2. The equation for the line is
then y—y, =m(x-x) = y-0=2x-7) = y=2x-2r.

15.
dy. s 8 0
¢y

— — =—I4

ey bey*)= ()

2xy + x> L+ 3x%y* +x*.3y° L =0

3,2dy _

x? &4 3x°y? &L = —2xy - 3x%y°
%(x2 +3x3y2): —2xy —3x%y?
dy  —2xy-3x°y°

dx  x®+3x%y?

16. We need to first find % , and then take the derivative of our solution.

X
x> —y? =16
d/, ,\ d
—\X° = =—I\16
dx( y) dx( )
2x -2y <=0

dy
—2y—=-2X

ydx
dy _x
Xy

dx?  dxldx) dxly

X
_X.i y_i
Then &Y d(dyj‘d[x}y'l—x'ii:y y_© oy y_y-x



17.

18.

19.

20.

21.

This is actually very similar to problem #27 from section 2.6. You should first draw a
picture to get an idea of what the situation is. The equation you’ll be working with is

a’ +b? =c? (or some similar version of the Pythagorean Theorem). We are given that the
base is 12 feet from the foot of the wall, the ladder is 13 feet long, and that the base is
moving away from the wall at as rate of 5 ft/sec. If a is the distance of the base of the ladder
from the wall, we have the following given information:

a=12 ft and % =5 ft/sec (Note that % IS positive since the ladder is moving away from

the wall, so the distance is increasing.)
Using the Pythagorean Theorem again, we can also find that b =5 ft. The information we

are looking for is how fast the ladder is sliding down the wall, which would be % according

to my choices. Our next step is to differentiate the original equation and to solve for % :

a’+b*=c® = a’+b*=13" (We can insert 13 for c, since it is constant.)
differentiating:

9@ sp?)=t3) = 229 p®_o o dP__add_ 125 5
dt dt dt - dt dt  bdt 5

The answer, then, is that the top of the ladder is sliding down the wall at a rate of 12 ft/sec.

Critical numbers are where the derivative is zero or undefined.
, (x2 +1)4)-(4x)2x)  4-4x
f(x)= AT PR,
(x +l) (x +l)
The derivative is never undefined, since (x2 +1)2 is never zero, so the only critical numbers are
when f'(x)=0 = 4-4x*=0 = 4=4x> = 1=x* = x==1.

Using the first derivative test, we see that the critical numbers are at x =+1. Using x=-2,0, & 2
as test points, we see that f has a relative maximum at (-1, 4) and a relative minimum at (1, —4).

Since f is a root function, it is continuous and differentiable on the interval [1, 9]. To find the

value(s) for ¢, we solve the given equation.
f,(c):f(9)—f(1) o 1 _38-1 11

[ J— & — =
-1 2Jc 9-1 2Jc 4
Again using the first derivative test, we can find that
1
f'(x)= %(x2 —4)5(2x) = Ll (chain rule).
3Ix?—4)
The critical numbers are thus x =0, + 2. Using test values of x =-3, -1,1, & 3, we can see that f
has a relative maximum at x =0 and relative minimums at x = +2.

o 4=2Jc o c=4



22. f'(x)=3x* —12x = 3x(x — 4), so the critical numbers are x =0, 4. Using test values and the first
derivative, we can see that f is increasing on (o, 0)U (4, ) and decreasing on (0, 4).

23.

NN N S

A
A\ 4

fll

VIV

) 0 2

A\ 4

24. Since the second derivative is positive, the graph must be concave up, so the function must have a
minimum at x =2 .

25. Horizontal asymptotes are where the limit as x — oo is a constant.

_ 2
lim f(x)= lim 3X—+2X2 — ~L 5o the horizontal asymptote is y = — .
X x>k0 5+ 2X — 4X 2 2

T B L G S (S B E N
x=>-o  4x+1 x>-ol Ax+1 x> - 1L AX +1 x>-w 4+% 440 4

X

26.

<



27. One possibility:
Y

Y

28. The drawing would look something like the one shown. Because we’re
looking for the largest volume, we want an equation for the volume in
terms of a single variable. In general, the volume of a box is: h
V =1-w-h. Inour case, the length and width are the same, so we can

have the equation V = x°h.

To get h in terms of x, we use the given piece of information. Surface X
area for this box is 1350 = 2x* + 4xh. Solving for h, we get
1350 — 2x? I . . _
h= — Substituting that into the equation for volume, we have:
X
, 1350-2x* 1350 1 ,

V =
4x 4

To maximize, we take the derivative and find the critical numbers.

V'(x):g—ixzzo Sye 130 x?=225 = x=15

=
2 2 4
(We ignore the negative value here since x represents a length.)

Therefore, the length and width of the box are both 15 cm, and after some calculation, the height is
also 15 cm.

29. Because at x =1, the curve y = x> —3x® +3x+ 2 has a horizontal tangent line.



30.

31.

32.

33.

34.

35.

fx .
Newton’s Method: X, = X, —% . To use Newton’s Method, we need a function and a
Xn
starting quess. In this case, a reasonable starting point would be x, =1. Since we’re trying to find
V2, we're really trying to solve x = J2 = x?=2,but Newton’s Method is for finding zeros,

so we should solve x> ~2=0,and let f(x)=x*-2. Then f'(x)=2x, and

f(x X2 -2 o

Xn = X, —ﬁ = X, ——=—— . Successive iterations are:
f'(x) 2%,

X =1

X, =15

X; =1.416666667
X, =1.414215686
Xs =1.414213562
Xs =1.414213562

So +/2 ~1.414213562, accurate to 8 decimal places.

To approximate 3/26 , we let f(x)=2%/x. We know %/27 , so we use differentials with x = 27 and
AX =dx =-1.

dy—lx’gdx— x -1 1 1
3 Rx sfzrf 3 27
Therefore,%zi/ﬁmy:s—i:ﬁ—i—@zz.%&

27 27 27 27

— Xxdx

V9 —x?

The volume of a cylinder in general is V = 7 -r?h. We want to estimate the change in V when r
changes % in. Using differentials, we must first find dV and then use the given information.

1
Using the chain rule, dy = %(9 —x? )2 (— 2x)dx =

dV =27 -rhdr = 27(12)(34)%) = 2047 ~ 641in,

Since y = j[— X—lszx =%+ C , and the graph passes through the point (1, 3) , we know 3 =%+ C,

so C =2. Therefore, y:£+C.
X

Find each indefinite integral.



2 _3 X2 5 1
a. J.Fdx=.[2x dx:2-_—2+C:—x +C:—7+C

b. '[X+1 J‘(\/_ \/_de j(x +x2]dx—§x +2x2 +C

C. _|.(t2 —sint)dt =%t3 +cost+C

36 10 5
DX
37.
n (i 2 n
Z(|+31) =Z' +2|+1:isz(I £ 2i41)= %(n(n+1)(2n+1)+2.n(n+1)+nj
i=1 n i=1 n i=1 n 6 2
n(n+1)(2n+1) n(n+1) L1
6n° e

(This can be simplified further, but this point is fine.)

38. A~ (2 (F )+ (@Na- () )+ @)a-@F)+ (e )a- 2) _128125un|ts
-\ 2
39. Ax:% % Using right-endpoints, x, :%and f(x, )z(%j +1:9L+1 The area is:
n?

n—o

A=l f(x Jax = IimZ(E:—2+1] - ||mz[27' j_ nm(zz 3 +%Zﬂ:1]

i (27 n(n+1)(2n+1) 3 nj:5_64+3 1



40. (Same problem idea as #39.)

_ . -\ 3 . -3 .
ax=270_2 Using right endpoints, x, _2 and f(xi):(ﬂj +ﬂ=8%+ﬂ
n n n n n n® n
n n 3 H n 3 H n n
A=Iimzf(xi)Ax=Iim2(8%+aj~g=lim2(16: +4—;]=n (ﬁzmizzuj
n—ow i1 n—o i1 n n n n—o i1 n n—o\ N i1 n -1
2 2 2 2
_lim g.n (n+1) +i2.n(n+1) _ i 267 (n4+1) +4n(n;r1) 4io-6
e\ N 4 n n—se 4n 2n

41.
a. _[(4x3 +6x? —1)dx =x*+2x3-x+C

b. Use substitution, with u =siny, then du =cosy dy, and the integral then becomes:

1 3
J'cos y+/sin ydy = .f\/adu = juEdu =2u2 +C = 2(sin y)g +C
X2
tan x
2 2 K4 2
fex)= X X (). Therefore, [
(=) tan(—x) —tanx (x). There oreJ-

T

c. The function f(x)= has odd symmetry, since

dx=0.

tan x

d. Use substitution again, with u =1+ x*, so du =4x%dx =

change the bounds, we see that
1

x° 1§51 1% 11
!(1+x4)3 dx=Z!u7du =Z!u *du = 807

x*dx=1du. If we

2 __1(1_@ __1(3)_3
., 8l4 gl 4) 32

42. (4.6) Use the Trapezoid rule to estimate the number of square meters of land in a lot where x

and y are measured in meters, as shown. The land is bounded by a stream and two straight
roads that meet at right angles.

10



x |y
0| 58
10| 62
20| 59
30| 51
40| 50
50| 52
60| 41
70| 38
80| 28
90 | 14
00| 0

Stream

Road

|
20 40 60 80 100

11



